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<^ ■ Abstract 



Quantum Lie algebras are generalizations of Lie algebras which 
have the quantum parameter h built into their structure. They have 



^ ■ been defined concretely as certain submodules S^hid) of the quantized 



enveloping algebras f//i(g). On them the quantum Lie product is given 
by the quantum adjoint action. 

Here we define for any finite-dimensional simple complex Lie alge- 
bra g an abstract quantum Lie algebra Qh independent of any concrete 
realization. Its /i-dependent structure constants are given in terms of 
inverse quantum Clebsch-Gordan coefficients. We then show that all 
concrete quantum Lie algebras -Ch(g) are isomorphic to an abstract 
quantum Lie algebra q^. 

In this way we prove two important properties of quantum Lie al- 
gebras: 1) all quantum Lie algebras 2h{Q) associated to the same 
Q are isomorphic, 2) the quantum Lie product of any £,h{Q) is q- 
antisymmetric. We also describe a construction of which es- 

tablishes their existence. 
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1 Introduction 



Lie algebras play an important role in the description of many classical phys- 
ical theories. This is particularly pronounced in integrable models which are 
described entirely in terms of Lie algebraic data. However, when quantiz- 
ing a classical theory the Lie algebraic description seems to be destroyed by 
quantum corrections. 

It is conceivable that in some cases the Lie algebraic structure of the 
theory is deformed rather than destroyed. The quantum theory may be 
describable by a quantum generalization of a Lie algebra which has higher 
order terms in h built into its structure. These speculations were prompted 
by the beautiful structure found in affine Toda quantum field theories 
They are the physical motivation for this work on quantum Lie algebras. 

As a preliminary step towards physical applications it is necessary to iden- 
tify the natural quantum generalizations of Lie algebras and to study their 
properties. Quantum generalizations Uh{g) of the enveloping algebras U{g) 
of Lie algebras q have been known since the work of Drinfeld and Jimbo 
and they have been found to play a central role in quantum integrable 
models. This has lead us in to define quantum Lie algebras ^hio) as cer- 
tain sub modules of Uh{Q), modelling the way in which ordinary Lie algebras 
are naturally embedded in U{g). 

Explicit examples of quantum Lie algebras were constructed in 0] using 
symbohc computer calculations, in particular for ^^isls), SlhisU), £,h{sp^) 
and £,h{G2)- It was found empirically that in these quantum Lie algebras 
the quantum Lie products satisfy an intriguing generalization of the classical 
antisymmetry property. They are g-antisymmetric. This can be exhibited al- 
ready in the simple example of 2,h{sl2). This quantum Lie algebra is spanned 
by three generators X^, and Hh with the quantum Lie product relations 

[Hh, X^]h = ±2g±iX±, [X±, Hh]h = T^q^'X^ 

[Hh, Hh]h = 2{q - q-')Hh, [X±, X±], = 0. (1.1) 

Here g = e'^ is the quantum parameter. Clearly for q = 1 the above reduces 
to the ordinary sl2 Lie algebra. For q 1 the Lie product is antisymmetric 
if the interchange of the factors is accompanied hj q —>■ q~^ . 

To convincingly establish that the quantum Lie algebras S^hio) defined in 
are the natural quantum generalizations of Lie algebras, three questions 
in particular should be answered: 

1. Do the £/i(0) exist for all g? 
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2. Are all ii/i(g) associated to the same g isomorphic? 

3. Do all Il/i(fl) have g- antisymmetric quantum Lie products? 

These questions will be answered in the affirmative in this paper. 

The paper is organized as follows: Section ^ contains preliminaries about 
quantized enveloping algebras Uh{Q) and defines the concept of g- conjugation. 
In Section ^ we give a new definition of quantum Lie algebras Qh which 
is independent of any realization as submodules of Uh{g). We study the 
properties of the Qh- In Section ^ we recall the definition of the quantum Lie 
algebras and then show that all £,h{0) are isomorphic to g^. It is in this 

way that we arrive in Theorem |I] at the answers to questions 2) and 3) above. 
In Section |^ we describe a construction for quantum Lie algebras £h(g) for 
any finite-dimensional simple complex Lie algebra g, thus establishing their 
existence. 

There are many natural questions about quantum Lie algebras which we 
do not address in this paper. These are question of representations, of the 
enveloping algebras, of exponentiation to quantum groups, of applications to 
physics and many more which we hope will be addressed in the future. 

We do not wish to reserve the term quantum Lie algebra only for the 
particular algebras defined in this paper. Rather we view the algebras Qh 
and £/i(g) which are defined in Definitions |3]l| and in terms of Uh{g) as 



particular examples of a more general concept of quantum Lie algebras. What 
a quantum Lie algebra should be in general is not yet known, i.e., there are 
not yet any satisfactory axioms for quantum Lie algebras. Finding such an 
axiomatic definition is an important problem. We hope that our study of the 
quantum Lie algebras arising from f//i(g) will help to provide the ideas needed 
to formulate the axioms. In particular we expect that the g-antisymmetry of 
the product discovered here will be an important ingredient. 

There has been an important earlier approach to the subject of quantum 
Lie algebras. It was initiated by Woronowicz in his work on bicovariant 
differential calculi on quantum groups 0. He defined a quantum Lie product 
on the dual space to the space of left-invariant one-forms. This has been 
developed further by several groups 0. These quantum Lie algebras are n^- 
dimensional where n is the dimension of the defining representation of g and 
thus they do not have the same dimension as the classical Lie algebra except 
for g = It has never been shown how to project them onto quantum 
Lie algebras of the correct dimension. Only recently Sudbery has defined 
quantum Lie algebras for g = s[„ which have the correct dimension n"^ — 1. 
These are isomorphic to our (s[„)/i(0) (set s = — l,t = in Proposition |3.3D. 



Schiller and Schmiidgen p] have defined — 1 dimensional quantum Lie 
algebras for sin using left-covariant differential calculi. In Q we explained 
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how our quantum Lie algebras lead to bicovariant differential calculi of the 
correct dimension. 

Up to date information on quantum Lie algebras can be found on the 
World Wide Web at [http: / /www.mth.kcl.ac.uk/ ^delius/ q-lie.html 



2 Preliminaries 



We recall the definition of quantized enveloping algebras Uhid) [|, H, |T31 in 
order to fix our notation. Uhio) is an algebra over C[[/i]], the ring of formal 
power series in an indeterminate h. In applications of quantum groups in 
physics, the parameter h does not need to be identified with Planck's con- 
stant. In general it will depend on a dimensionless combination of coupling 
constants and Planck's constant. We use the notation q = e^. 

The formal power series in h form only a ring, not a field. It is not 
possible to divide by an element of C [[/;.]] unless the power series contains a 
term of order h^. We will have to work with modules over this ring, rather 
than with vector spaces over a field as would be more familiar to physicists 
like ourselves. However C[[/i]] is a principal ideal domain and thus many of 
the usual results of linear algebra continue to hold 
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In the physics literature on quantum groups it is quite common to treat q 
not as an indeterminate but as a complex (or real) number. It is our opinion 
that in doing so, physicists loose much of the potential power of quantum 
groups. Keeping h as an indeterminate in the formalism will, when applied 
to quantum mechanical systems, lead to deeper insight. 

Definition 2.1. Let g be a finite-dimensional simple complex Lie algebra 
with symmetrizable Cartan matrix aij. The quantized enveloping algebra 
Uh{g) is the unital associative algebra over C[[h]] (completed in the /i-adic 
topology) with generators xf, x~ , hi, 1 < i < rank(0) and relations [] 



l—aij 

E 

k=0 



hihj 



hj hi , 



hixf - xfhi 



1- tti 
k 



Qi 



dij - 



hi 



zizCLijXj , 
-hi 



-1 ' 



{xf)''xf{xfy-''^^-'' 



(2.1) 



^Om are related to the Xf^ of ||T^ by xf = 
uses the opposite Hopf-algebra structure. 



-hj2-^+ and X: 



gf'^^ and it 
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Here 



^ are the q-binomial coefficients. We have defined qi = e'^^^ where 
-I q 

di are the coprime integers such that diaij is a symmetric matrix. 

The Hopf algebra structure of f//i(g) is given by the comultiplication A : 
Uh^O) — ^ Uhi^o)® Uh{g) ((!> denotes the tensor product over C[[/;,]], completed 
in the /i-adic topology when necessary) defined by Q 

A{hi) = hi® 1 + 1® hi, (2.2) 
A{xf) = xf®q;^^'^ + gf'/'®a;± (2.3) 

and the antipode S and counit e defined by 

S{h,) = -h,, S{xf) = -qf^xf, e{K) = e{xf) = Q. (2.4) 

Uh^o) is quasitriangular with universal _R-matrix R G Uh{Q)®Uh{Q)- The 
adjoint action of Uh{Q) on itself is given, using Sweedler's notation [|1^, by 

(adx)?/ = ^X(i)?/5'(a;(2)), x,y eUh^Q). (2.5) 

If the Dynkin diagram of g has a symmetry r which maps node i into 
node r(z) then Uhio) has a Hopf-algebra automorphism defined by T{xf) = 
x^^^y T{hi) = h-ri^i)- Such T are referred to as diagram automorphisms and 
except for rescalings of the xf they are the only Hopf-algebra automorphisms 

Proposition 2.1 (Drinfel'd [|13|| ). There exists an algebra isomorphism 
^ '■ Uh{d) U{Q)[[h]] such that ip = id {mod h) and ip{hi) = hi. 

Note. This is not a Hopf-algebra isomorphism however. 

Proposition 2.2. By (F^,7r^) denote the U{q) -representation with highest 
weight fi, carrier space and representation map n'^ . Let {{V'^,7r'^)}^Qi)+ be 
the set of all finite- dimensional irreducible representations ofU{Q). is the 
set of dominant weights. Let denote the multiplicities in the decomposi- 
tion of tensor product representations into irreducible U{q) representations 

V^'®V'' = mf V^. (2.6) 

AGD+ 

Then 



^Interchanging q and q ^ gives an alternative Hopf algebra structure, which is the one 
chosen in ||, 0. 
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1. {{V^[[h]], 'n'^o^p)}fj.^D+ is the set of all indecomposable representations of 
Uhis) which are finite- dimensional, i.e., topologically free and of finite 
rank. Here if is the isomorphism of Proposition \2. 1\ . 

2. The decomposition of Uhio) tensor product representations into inde- 
composable Uhio) representations is described by the classical multiplic- 
ities 

V^[[h]]®V^[[h]]= m^^VWh]]. (2.7) 

xeD+ 



Proof. 1. is from Drinfel'd [0. It follows immediately from the isomorphism 
property of ip and from the fact that the finite dimensional representations 
of U{q) have no non-trivial deformations. 2. the decomposition can be 
achieved by the same method as classically. A careful analysis shows that 
working over C[[/i]] does not lead to complications. The reason is that all 
expressions appearing have a non- vanishing classical term. □ 

Note. The f//i(fl) modules are not irreducible. Their submodules are 

of the form cy[[/i]] with c G C[[/;,]] not invertible. In this setting Schur's 
lemma takes the following form: 

Lemma 2.1 (Schur's lemma). Lei anc? [[/;,]] be two finite- dimen- 

sional indecomposable Uh{Q)-modules and let f : V[[h]] — > be a Uh{g)- 

module homomorphism. Then if f ^ then f = eg with c G C[[/i]] and g an 
isomorphism. 

A central concept in the theory of quantum Lie algebras 0] is g-conjuga- 
tion which in C[[/i]] maps h i— > —h, i.e. q ^ q~^. 

Definition 2.2. 

(i) q-conjugation ~: C[[h]] — > C[[/i]], a i— >• a is the C-linear ring automor- 
phism defined hj h = —h. 

(ii) Let M,N be C[[/i]]-modules. An additive map : M — > iV is said to 
be q-linear if 0(A a) = X (pi^a), Wa E M, X E C[[h]]. 

(iii) A q-conjugation on a C[[h]] module M is a g-linear involutive map 

: M ^ M with ^ = id (mod h). 

Note the analogy between the concepts of g-conjugation and complex conju- 
gation and between g-linear maps and anti-linear maps. 
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Remark. If M is a finite-dimensional C[[/i]]-module then a g-conjugation 
on M is uniquely specified by giving a basis {hi} which is invariant. Then 
the g-conjugation takes the form {YlnKhiY = J2 ^ih- Conversely, for any 
g-conjugation on M there exists an invariant basis. It can be constructed 
from an arbitrary basis by adding correction terms order by order in h. 

The unique g-linear algebra automorphism ~: Uhio) — >■ Uhio) which ex- 
tends g-conjugation on C[[h]] by acting as the identity on the generators xf 
and hi is a g-conjugation on Uhio). It exists because the relations (0) are in- 
variant under g i-^ q~~^. We choose the isomorphism ip in Proposition |2.1| such 
that ~ o(y9 = y9o ~. This g-conjugation is a coalgebra q-antiautomorphism 
of Uhio), i.e., eo ~=~ o e, Ao ~=~ o A-^ and it satisfies So ~=~ oS~^. 
The map ~ was introduced already in O . 



If in physical applications g were identified with a combination of a cou- 
pling constant and Planck's constant, then g-conjugation would correspond 
to the strong-weak coupling duality^. It has been observed in several quan- 
tum field theories, that such a duality transformation can form a symmetry 
of the theory. Afiine Toda field theories in two dimensions [|I| as well as 
supersymmetric Yang-Mills theory in four dimensions provide examples of 
this phenomenon. It is thus very desirable to have an algebraic structure, in 
which g-conjugation is incorporated. We hope that the study of this struc- 
ture will one day enhance our understanding of the origin of strong-weak 
coupling duality in physics. 



3 Quantum Lie algebras 

The quantized enveloping algebra Uhio) is an infinite dimensional algebra. 
It is our aim to associate to it in a natural way a finite dimensional algebra 
which would be the quantum analog of the Lie algebra. Here our approach 
is based on the observation that classically a Lie algebra q is also the carrier 
space of the adjoint representation ad*^*^^ of U{q). The superscript is to 
remind us that this is the classical adjoint representation. It is defined by 
(adW a)b = [a, b] Va, b E Q. It follows from the Jacobi identity 

[a, [6, c]] = [[a,6],c] + [6, [a,c]] Va,6, cGg (3.1) 

that 

(ad(°)a;)o[,] = [,]o(ad5°)x), Va; G [/(g), (3.2) 

^ In some applications of quantum groups the relation between q and the coupling 
constant is not linear but exponential and then g-conjugation is not related to strong- 
weak duality 
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where {ad2 x) = (ad'^°) (8) ad^'')) A(a;) is the tensor product representation 
carried by g ® 0. Equation (|3.2| ) states that the Lie product [ , ] of is a 
U (0)-module homomorphism from g ® to g. 

Because of Proposition ^]2| we know that Q[[h]] is an indecomposable mod- 
ule of Uhio). Let us denote the representation of Uhio) on Q[[h]] by ad'^'^^. 
Note that at this point there is no relation between the representation ad'^'^-' 
of Uhio) on Q[[h]] and the adjoint action ad of Uh{g) on Uh{Q) defined in (|2.5D. 
Generalizing the above classical observation we obtain a natural definition 
for a quantum Lie algebra 0. 

Definition 3.1. Let [,]h ■ d[[h]]^ d[[h]] Q[[h]] be a [/ft,(0)-module homo- 
morphism which satisfies [ , ]/i = [ , ] (mod h). [,]h gives Q[[h]] the structure of 
a non-associative algebra over C[[/;.]]. We call this algebra = {d[[h]], [,]/») 
a quantum Lie algebra and the product a quantum Lie product. 

For each Lie algebra g this definition potentially gives many different 
quantum Lie algebras Qh, one for each choice of the homomorphism [,]h- This 
would be unsatisfactory were it not for the fact that such a [//i(g)-module 
homomorphism is almost unique. 

Proposition 3.1. For a given q ^ s[„>2 the quantum Lie algebra Qh is 
unique (up to a rescaling of the product by an invertible element ofC[[h]]). 
For Q = sin with n > 2 there is a family of quantum Lie algebras {sln)h{x) 
depending on a parameter x £ (see Proposition \3.!^ . 

Proof. The idea of the proof is simple: For 7^ s[„>2 the adjoint repre- 
sentation appears in the tensor product of two adjoint representations with 
unit multiplicity. This is an empirical fact. Thus the homomorphism [,]h 
from 0[[/i]]® 0[[/i]] into g[[h]] with the requirement that [,]h (mod /i) = [,] is 
unique by the weak form of Schur's lemma. 

In the case g = sin with n > 2 however, the adjoint representation appears 
with multiplicity two in the tensor product. Any module arising from a linear 
combination of the highest weight vectors of two adjoint modules is also an 
adjoint module and this leads to a one-parameter family of non-isomorphic 
weak quantum Lie algebras {sln)h{x)- 

We find it helpful to be more explicit here than necessary and to ex- 
plain how the homomorphism [,]h is obtained from inverse Clebsch-Gordan 
coefficients. We begin with 7^ sln>2 and with the classical situation. 

■*As Ding has informed us, he and Frenkel have been pursuing similar ideas for some 
time. See also their paper in which the utility of defining algebraic structures using 
Uhis) module homomorphisms is stressed. 
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Let {va} be a basis for g which contains a highest weight vector vq, i.e., 

{aS^^xt)vo = 0, {8.S'^h,)vo = tlj{h,)vo, V^, (3.3) 

where ip is the highest root of g. Let Pa{x~) be the polynomials in the x~ 
such that Va = {aS'^^ Pa{x^)) vq. The adjoint representation matrices vr in 
this basis are defined by 

{ilS''^x)Va = Vb7l\{x). (3.4) 

In this paper we use the summation convention according to which repeated 
indices are summed over their range. 

g (8> contains a highest weight state vq such that 

{adf^ xl) vo = 0, (ad^°^ hi) vq = 4j{hi)vo, Vi, (3.5) 

For g 7^ 5[„>2 this state is unique up to rescaling. The vectors 

Va = (adf Pa{x-)) Vo = Ka"" V, ® V, (3.6) 

form a basis for g inside g ® g such that 

(adf ^ x) Va = Vb 7r\(x) (3.7) 



with the same representation matrices vr as in ( |3.4| ). Thus the map 

/3 ■.Va^Va = Ka^^Vb^Vc (3.8) 

is a [/(g)-module homomorphism /3 : g ^ g g. The coefficients Ka^'^ are 
called the Clebsch-Gordan coefficients, g and Im(/5) are irreducible modules 
and thus by Schur's lemma the homomorphism (3 is invertible on its image. 
Define [ , ] : g®g ^ g to be zero on the module complement of the image of f3 
and on the image of (3 define [ , ] = Then [ , ] is the U{q) homomorphism 
from g (S> g to g, unique up to rescaling. It is the Lie product of g. On the 
basis it is given by 

[va, Vb] = fab' V,, where Ka'^h/ = Sa". (3.9) 

Thus the structure constants are given by the inverse Clebsch-Gordan coef- 
ficients. 

We turn to the quantum case. Let Vq be a highest weight state inside 
g [[/;,]] ® g [[/;.]] satisfying the analog of ( p3D 

(ad2''^ xf) Vq = 0, (ad2'''' hi) vq = ip{hi)vo, Vz, (3.10) 
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where ad^'*-' is the deformed adjoint representation ad'-'*^ = ad'-"-* o and 
Vq (mod h) 7^ 0. Vq generates the Uh^Q) module Q[[h]] inside g[[/i]](8> [[/?-]]. 
Vq must be unique up to rescahng, otherwise [[/?-]] would appear with mul- 
tiphcity greater than one in 0[[/i]]® 0[[/i]]. We construct a basis {va} as in 
(|3.6| ) using Pa{x~) G Uh^Q) with the same polynomials Pa as in (|3.6| ). This 
leads to quantum Clebsch-Gordan coefficients Kj"^{h) G C[[/i]]. We obtain a 
t//i(0)-module homomorphism (3 : 0[[/i]] 0[[^]]® 0[[^]] as in (ISTSl) . 

f3 is invertible by the weak form of Schur's lemma. A homomorphism 
[^]h '■ 0[[^]]® 0[[^]] s[[h]] is obtained as above (|3l9D 



K Vb]h = fat'ih) V,, where Ka"'ih)h/ih) = Sa". (3.11) 

Up to rescaling it is the unique such homomorphism with the property that 
(mod h)^0. 

We now turn to g = 5[„ with n > 2 and again begin by considering the 
classical situation. There are two linearly independent highest weight vectors 



V, 



^'^^ and -Oq Mn g which satisfy ( p.5|) . They can be chosen so that 



avit^ = ±vi^\ (3.12) 

where a is the bilinear map acting as a {va ® ffe) = vi, ^ Va- Expressed 
differently, the Clebsch-Gordan coefficients kI^^^"^ defined as in (|3.(j|) satisfy 



^^±)6c _ -|-/^(='=)cb_ ^j^y linear combination of v^^^ and -Oq ^ is a highest 
weight state and leads to a homomorphism as described above but clearly 
only 'Oq"'' leads to an antisymmetric Lie product. 

In the quantum case too there are two linearly independent highest weight 
states satisfying (|3.1CI| ). We can choose any linear combination and thus 



have a one-parameter family of 'Oo(x) = Ko^'ixih) {vh®Vc)- We impose 
'Oo(x) (mod /i) 7^ as before. In this way we obtain the family (sl„)/i(x) 
of quantum Lie algebras. We will give these explicitly in Proposition p.3| . 
Certain values for x will lead to a g-antisymmetric quantum Lie product (see 
Proposition ^.5]). □ 



Some important properties of g carry over immediately to q^. Define root 
subspaces g*^"^ of g by 

g(") = {xe g|(ad(°U,)x = a{hi)x'ii}. (3.13) 

g possesses a gradation 

0= © 0^"\ [0("\0('^^]C0("+'^), (3.14) 

aGRU{0} 

where R is the set of non-zero roots of g. 
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Proposition 3.2. A quantum Lie algebra g^, possesses a gradation 

9k= 0("HN, [9^"^m],d^'m],cg^-^^^[[h]]. (3.15) 

aeRU{0} 



Proof. According to Proposition ^TT] the algebra isomorphism Lp : f//i(g) 
f/(g)[[/i]] leaves the hi invariant and thus 

g(")[[/i]] = {x e g[[h]]\{aS''^ hi) X = aihi) X ^i}. (3.16) 

Let Xa G and Xp E d^^''[{h]]. From the homomorphism property of 

[ , ]h and the coproduct A{hi) = hi® 1 + 1® hi it follows that 

(ad(^)/i,)[X„,X^];,= [(adW/i,)X,,X^]^+ [X„,(ad('^)/i,)X^]^ 

= {a{hi) + (3{h)) [X^,Xp\h (3.17) 

and thus [X,,X^];,Gg("+^)[[/i]]. □ 

Choosing basis vectors X^ E g*^"-* and Hi E g^^^ Proposition implies 
that the quantum Lie product relations are of the form 

[Hi, Xa]h = la{Hi) Xq, [Xa, Hi]h = —ra{Hi) Xa, 

[Hi, Hj]h = fij^ Hk, [Xa, X_a]h = Qa' Hk, (3.18) 

[Xa, Xp\h = Na/3 Xa+i3 foY a + P E R, othcrwisc. 

This is similar in form to the Lie product relations of ordinary Lie alge- 
bras. The most important differences are 

1. The structure constants are now elements of C[[/i]], i.e., they depend 
explicitly on the quantum parameter. 

2. [Hi, Hj]h does not have to be zero. Thus the grade zero subalgebra 
g'^'')[[/t]] of Qh is not abelian. We will nevertheless refer to it as the 
quantum Cartan subalgebra. 

3. Each classical root a splits up into a "left" root la and a "right" root 
Va- Classically they are forced to be equal because of the antisymmetry 
of the Lie product. 

The quantum Clebsch-Gordan coefficients which describe the homomor- 
phism [,]h '■ Qh® 0h — > 0h can be calculated directly by decomposing the 
tensor product representation. This is however very tedious in general. In 
T5| it was done for {sln)h in an indirect way by using the R- matrix of f/g(s[„). 



The method is based on realizing the quantum Lie algebra as a particular 
submodule of Uh{g) as explained in Section ^ The particular submodule 
used in [0 gives the quantum Lie algebra {sln)h{x = 1) but the method can 
be extended and gives the following result. 
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Proposition 3.3. The parameter x ^ of {sln)h{x) ^■^ fraction x = 

t/s with s,t E C[[h]] and with the restriction that {s + t)^^ G C[[/i]]. The Lie 
product relations for {sln)h{x) '^'^c 



where {Xjj}jj=i...„ U {i/j}j=i...„_i is a basis and the structure constants are 
explicitly given by 



+s4<. iq + q-'Kq'-q-") 

+tSk>i (g + g-i)(g"-^-g-"+^)) 
+ {s 4<. {q-' -q^)+t 4>. (g'-" - 

+ k^-i [s 4<, (g-' -q^) + t 4>, (g'^-" - g-'+")) , (3.22) 
9ii'' = q"'^ {s {q'"h<j - g"^4o) + 1 {q^~''5k>i - g''~"4>i)) 

= q"^-' {s + t g") , M,,, = g*" + t g-") (3.23) 



(We use a generalized Kronecker delta notation, e.g., 6i<j = 1 if i < j , 
otherwise.) 

The restriction that if x is written as x = t/s then s+t has to be invertible 
comes from the requirement that the quantum Lie product should not vanish 
modulo h. For details of the calculation leading to the above formulae we 
refer the reader to |T^. 

The Lie algebra s[„ with n > 2 possesses an automorphism which is due 
to the symmetry of the Dynkin diagram. It would be natural to require that 
this automorphism survives also at the quantum level. By inspecting the 
above Lie product relations we find 

Proposition 3.4. The quantum Lie algebra {sln)h{x) possesses the Dynkin 
diagram automorphism 




(3.19) 



rij{Hk) 





(3.20) 
(3.21) 



71+1— J,n + 1— 47 



(3.24) 
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This is the reason why in we focused our attention on the case of 
X = l- 

The most basic property of a Lie product is its antisymmetry. In quantum 
Lie algebras this has found an interesting generahzation. 

Proposition 3.5. The quantum Lie product of Qh for g 7^ 3[„>2 and of 
{sln)h{x) ''^'i'th X = X g-antisymmetric, i.e., there exists a q-conjugation 
'■ Qh dh consistent with the gradation ( |3.15| ) such that 

[a,b]l = -[b\a\. (3.25) 



V 



Thus, choosing the basis in ( ^.18 ) so that = X^, = Hi, the structure 
constants satisfy 

ra = lai fij' = ~fji^-, 9a^ = ~9-a'^^ ^0/3 = —NfSa- (3.26) 

Proof. For {sin)h the statement can be verified directly from the expressions 
in Proposition ^]3]. For g 7^ 5[„ we use the same notation as in the proof 
of Proposition |3.1| . The adjoint representation appears with multiplicity one 
in the tensor product and thus we know that the highest weight state Vq = 
KQ"'^{h)va ® Vb in g[[/;,]]® satisfying ( |3.1U| ) is unique up to rescaling. 
Vq = Ko^"'{—h) Va (S> f b also satisfies the highest weight condition (p.lO|) . 



(adf)x+)^o = ((ad(^) ® ad(^))A(a;+)) ^0 

= ~ [((ad('^)®adW)A^(a;+)) v^] 

(h) 1 ^ 

(ad^ ' xf)vo 

= 0. (3.27) 

We used that ~ o (ad^'^) x) = (ad(^) x) o ~ (which follows from ~ o = 
{po ~), that Va = Va and that ~ o A = A-^ o ~. Thus Vq = ^{vq — Vq) 
is a highest weight state (proportional to Vq by uniqueness). It is non- 
zero because it is non-zero classically. Following a similar calculation to 
the above one finds that it leads to Clebsch-Gordan coefficients K'J"^{h) = 
i (^Ka'^ih) — Ka'^^{—h)) . These are manifestly g-antisymmetric. Following 
through the construction of the structure constants one finds fab^{h) = 



4 Quantum Lie algebras ^thio) inside Uhio) 

In Definition quantum Lie algebras are defined abstractly, i.e., indepen- 
dently of any specific realization. In quantum Lie algebras were defined as 
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concrete objects, namely as certain submodules of the quantized enveloping 
algebras Uh{Q)- This definition is based on the observation that an ordinary 
Lie algebra g can be naturally viewed as a subspace of its enveloping algebra 
U{q) with the Lie product on this subspace given by the adjoint action of 
U{q). Thus it is natural to define a quantum Lie algebra as an analogous 
submodule of the quantized enveloping algebra Uh^Q) with the quantum Lie 
product given by the adjoint action of Uh{Q)- Before we can state the precise 
definition we need some preliminaries. 

The Cartan involution 9 : Uh{Q) — > f^/t(fl) is given by the same formulas as 
in the classical case: 9{xf) = xf, 6{hi) = —hi. It is an algebra automorphism 
and a coalgebra antiautomorphism, i.e., A o = {6® 6) o and S o 9 = 
9 o S^^. We define a tilded Cartan involution by composing the Cartan 
involution with g-conjugation, i.e., 9 =~ o9. Similarly we define a tilded 
antipode as S =~ oS. With respect to the adjoint action defined in 
they satisfy {ad9{a))9{b) = ^((ada) b) and (ad 5(a)) 5(6) = S{{adS-\a)) b) 
for all a, 6 G Uh{g). 

Definition 4.1. A quantum Lie algebra S^hid) inside Uhid) is a finite-dimen- 
sional indecomposable ad - submodule of f//i(g) endowed with the quantum 
Lie product [a, b]h = (ad a) b such that 

1. S-hid) is a deformation of g, i.e., there is an algebra isomorphism 
Hhis) = g (mod h). 

2. -C/i(g) is invariant under 9, S and any diagram automorphism r. 

A weak quantum Lie algebra ihio) is defined similarly but without the re- 
quirement 2. 

The existence of a Cartan involution and an antipode on £/i(g) plays an 
important role in the investigations into the general structure of quantum 
Lie algebras in [Q. In particular it allows the definition of a quantum Killing 
form. The invariance under the diagram automorphisms r is less important 
but is clearly a natural condition to impose. It is shown in 0] that given 
any weak quantum Lie algebra lh{d) inside f//i(g), one can always construct 
a true quantum Lie algebra ii/i(g) which satisfies property 2 as well. Thus 
this extra requirement is not too strong. 

We now come to the relation between the abstract quantum Lie algebras 



Qh of Definition ^]T| and the concrete weak quantum Lie algebras Ihid) of 
Definition |0. 



Proposition 4.1. All weak quantum Lie algebras [^(g) inside f/h(g) are iso- 
morphic to the quantum Lie algebra Qh as algebras (or to (s[„)/i(x) for some 
X in the case of q = s[„j. 
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Proof. By definition Ihid) is a finite-dimensional, indecomposable Uh{Q) mod- 
ule. Condition 1 of the definition implies that the representation of f//i(g) 
carried by this module is a deformation of the representation of U{g) carried 
by Q. There is only one such deformation, namely the adjoint representation 
ad^'^^ carried by Thus Ihio) is isomorphic to Q[[h]\ as a Uh{g) module. 

The identity 

^^(ad (adx(i)) a) ((adx(2)) b) = (adx) ((ada) b) (4.1) 

can be rewritten using that, when restricted to lh{d) C Uh{g), [a,b]h = 
(ada)6 = (ad(^) a) b. 

(adW a;) o = o (ad^^^ x), \/x e U{q). (4.2) 

This states that the quantum Lie product on [/^(g) is a f//i(g)-module ho- 
momorphism and thus is a quantum Lie product in the sense of Defini- 
tion O. □ 



Remark. One should not confuse the adjoint action ad with the adjoint 
representation ad'-'*-'. The adjoint action ad is defined using the coproduct 
and the antipode as 

(adx)?/ = X(i)?/S'(x(2)) Mx^yeUhio). 

The adjoint representation ad'-''^ is defined using the algebra isomorphism 
: Uhio) — >■ f/(fl)[[/i]] of Proposition ^ as 

(ad^'^) x)a = (ad(°) ^{x)) a Vx G [/^(fl), a G Q[[h]]. 

Thus the adjoint action is determined by the /i-deformed Hopf-algebra struc- 
ture whereas the adjoint representation is determined by only the /i-deformed 
algebra structure. From this point of view it is surprising that the two ever 
coincide. But the weak quantum Lie algebras [/^(g) are exactly those embed- 
dings of into t/h(s) on which ad and ad*^^^ coincide and we will establish 
their existence in the next section. 



Proposition allows us to answer two important questions about the 
concrete quantum Lie algebras iih(0) inside Uh{Q) which were left unanswered 
ini- 

Theorem 1. Given any finite- dimensional simple complex Lie algebra g. 
1. All quantum Lie algebras 2^h{,Q) are isomorphic as algebras. 
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2. All quantum Lie algebras S^hid) have q- antisymmetric Lie products. 



Proof. 1. For q ^ s[n>2 this is obvious from Proposition [4.1| and the unique- 
ness of Qh according to Proposition ^A\ . For g = 5[„>2 the requirement of 
r-invariance in Definition imphes through Proposition |3.4| that £,h{sin) 
can be isomorphic only to {sln)h{x = !)• 2. This is obvious because Qh 
and {sln)h{x = 1) have g-antisymmetric Lie products according to Proposi- 
tion O. □ 



5 Construction of quantum Lie algebras 

There is a general method for the construction of weak quantum Lie alge- 
bras Ihio) and quantum Lie algebras Slhio) inside Uhio). The method was 
presented in for Q = sin but it works for any finite-dimensional simple 
complex Lie algebra g as we will discuss here. 

We begin with a lemma giving a construction of ad-submodules of Uh{g). 

Lemma 5.1. Let A be any element o/ ^/^(g)® f//i(g) satisfying AA{x) = 
A{x) A, Vx G Uhio). Let V[[h]] be any finite- dimensional indecomposable 
Uhid) module and let TCij be the corresponding representation matrices. Then 
the elements 

Aij = {Tiij 0id)AE UhiQ) (5.1) 

span an ad-submodule of Uhio) which is isomorphic to a submodule of 
V[[h]Y0V[[h]], z.e., 

(adx) Aij = Aki vr^i(a;(i)) 7rij{x(2)), Vx E Uh{g). (5.2) 

Here n* denotes the dual (contragredient) representation to n defined by 

T^liix) = Trik{S{x)). (5.3) 

Proof. We first calculate 

X Aij = {jiij ®\d){l®x) A 

= {nij ® id) (5(a;(i)) ®l) A (x(2) ® xo)) (5.4) 
= 7rifc(5'(x(i))) Aki T^ij{x{2)) a;(3)- 

Then, using (|573|) 

(adx) Aij = X(i) AijS{x(2)) 

= Akl 7rfci(X(i)) 7r;j(X(2)) X(3) 5(X(4)) (5.5) 

= ^ki <i(a;(i))7rzj(x(2)) 

□ 
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This lemma can be applied to construct weak quantum Lie algebras. 



Proposition 5.1. Let A = h~^(^R^R — l) where R is the universal R- 
matrix of Uh{Q) and R^ the same with the tensor factors interchanged (i.e., 
if R = 'Y^a.i^hi then R^ = 'Y^hi^a.i). Let {cj} he a basis for the Uhio) mod- 
ule V[[h]] and let TCij be the corresponding representation matrices. Choose a 
basis {va} for the adjoint representation g[[h]] of Uh{g) and let K : g[[/i]] 
V^h'^*®V[[h]],Va ^ Va = (e* ® Cj) be a Uh{g)-module homomorphism, 
i.e., the are quantum Clebsch-Gordan coefficients. Then the elements 

Aa = Ka'' {TTi, ® id) A G Uhid) (5.6) 

span a weak quantum Lie algebra Ihio) = span^^f^^^{Aa} . 

Proof. The expression A = h"^ (^R^R — l) is well defined because R = 
1 (mod h). It follows from the defining property RA{x) = A^(x) Va; G 
Uhis) of the R-matrix that AA{x) = A{x) A, Vx G Uhid). It is then 



clear from Lemma |5]l| that the Aa span an ad-submodule of Uh{g)- It fol- 
lows from the definition of the Clebsch-Gordan coefficients that this 
ad-submodule is either isomorphic to the adjoint representation or zero. R 
satisfies R = 1 + hr + 0{h'^) where r G ® g is the classical r-matrix. 
Thus A = r + r'^ (mod h) E Q Q and Aa (mod h) G g. It follows that 
spanc[[/,]]{Aa} = B (mod h). □ 

Using the fact, established in [Q, that given a weak quantum Lie algebra 
ihio) one can always construct a true quantum Lie algebra £/i(g), we arrive 
at the announced existence result. 

Theorem 2. For any finite- dimensional simple complex Lie algebra g there 
exists at least one quantum Lie algebra £,h{&) inside Uhio). 

Thanks: We thank Andrew Pressley, Vyjayanthi Chari, Manfred Scheunert 
and Chris Gardner for discussions and helpful comments. 
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